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Beginning-Partition

R. Schneider, Partition zeta functions.
Research in Number Theory 2016, 2:8.

Let ϕ∞ (f ; q) =
∞∏

n=1
(1− f (n) qn):

1
ϕ∞ (f ; q)

=
∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

Special cases:

1
1

(q; q)∞
=
∑
n≥0

p (n) qn.

2
ζ (s) =

∏
s∈P

1(
1− 1

ps

) .
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Partition zeta functions
DEF: partition-theoretic zeta function
For λ = (λ1, . . . , λk ) ` n, we denote

l (λ) := k and nλ := λ1 · · ·λk

Define the partition-theoretic generaliztion of Riemann-zeta function as

ζP
(
{s}k) :=

∑
l(λ)=k

1
ns
λ

.

Theorem

ζP
(
{2}k) =

∑
l(λ)=k

1
n2
λ

=
22k−1 − 1
22k−2 ζ (2k) .

Similar results for ζP
(
{2m}k) = rational× π2k .

The author wants to study general ζP
(
{s}k) and its AC.
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Partition zeta functions
Observe: λ = (λ1, . . . λk ) ∈ P, (assume s > 1)

ζP
(
{s}k) :=

∑
l(λ)=k

1
ns
λ

=
∑

λ1≥···≥λk

1
λs
1 · · ·λ

s
k

= Ss, . . . , s︸ ︷︷ ︸
k

(∞) .

DEF: harmonic s-sum

Sa1,...,ak (N) =
∑

N≥i1≥···≥ik≥1

sign (a1)i1

i |a1|1

· · ·
sign (ak )ik

i |ak |
k

.

Remark
ζP
(
{a}k) = Sa, . . . , a︸ ︷︷ ︸

k

(∞) = Sak (∞) .
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Partition–HarmonicS

ϕ∞ (f ; q) =
∞∏

n=1

(1− f (n) qn)⇒
1

ϕ∞ (f ; q)
=
∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

Let f (n) = ta

na and q → 1
∞∏

n=1

1
1− ta

na
=
∞∑

k=0

∑
l(λ)=k

tak

na
λ

=
∞∑

k=0

Sak (∞) tak .

In particular, if a = m ∈ N and m ≥ 2, by considering ξm := exp
(
2πι
m

)
∞∑

k=0

Smk (∞) tmk =
∞∏

n=1

nm

nm − tm =
∞∏

n=1

nm

(n − ξ0mt) · · ·
(

n − ξm−1
m t

) =
m−1∏
j=0

Γ
(
1− ξj

mt
)
.

from the theorem: (Thank to Armin)

α1 + · · ·+αm = β1 + · · ·+βm ⇒
∏
k≥0

(k + α1) · · · (k + αm)
(k + β1) · · · (k + βm) = Γ (β1) · · · Γ (βm)

Γ (α1) · · · Γ (αm) .
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Recurrence of S-sums?
(Thank to Jakob) Blümleim:∑

perm

Sa1,...,ak = Sa1 · · ·Sak + Ca1∧a2,...ak

∑
inv perm

Sa1∧a2Sa3 · · ·Sak

+Ca1∧a2,a3∧a4,a5,...ak

∑
inv perm

Sa1∧a2Sa3∧a4Sa5 · · ·Sak

+ · · ·+ Ca1∧a2∧a3,a4,...ak

∑
inv perm

Sa1∧a2∧a3Sa4 · · ·Sak

+ · · ·+ Ca1∧···∧ak

∑
inv term

Sa1∧···∧ak ,

where

1 “perm” denotes all permuations;
2 “inv perm” denotes all permutations in which a single index in a
∧-contraction is only used once;

3 each li -fold ∧-contraction is associated to the factor li !.
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Recurrence of S-sums?
Thus, when a1 = · · · = ak = a > 0, we note that

1 each ∧-contraction, e.g., a ∧ a, a, . . . , a︸ ︷︷ ︸
k−2

, is uniquely determined by one

partition of n, e.g., π =

2, 1, . . . , 1︸ ︷︷ ︸
k−2

 ` k;

2 “perm” gives k!;

3 “inv perm” gives, for π =

λ1, . . . , λ1︸ ︷︷ ︸
l1

, . . . , λr , . . . λr︸ ︷︷ ︸
lr

 ` n,

( k
l1,l1,...,lr

) r∏
j=1

1
lj ! , where the multinomial comes from all possible

permutations while the product is due to uniqueness of single index
contraction;

4 each lj -fold ∧-contraction is associated to the factor (lj − 1)! = Γ (lj ).
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Recurrence of S-sums?
Therefore, it is not hard to obtain that

Sak (N) =
∑

π=

λ1, . . . , λ1︸ ︷︷ ︸
l1

,...,λr , . . . λr︸ ︷︷ ︸
lr

`k

r∏
j=1

1
lj !

(
Sλj a (N)
λj

)lj

.

Γ? By accident and on Wikipedia (containing typos)

Γ(k) (1) = (−1)k k!
∑

π=
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Bell Polynomial

Γ(k) (1) = Yk
(
−γ, ζ (2) , . . . , (−1)k (k − 1)!ζ (k)

)
where, the complete Bell polynomial Yk is defined by

Yk (g1, . . . , gk ) =
∑
(l)`k

k!
l1! · · · lk !

(g1

1!

)l1
· · ·
(gk

k!

)lk
,

where (l) =

k, . . . , k︸ ︷︷ ︸
lk

, k − 1, . . . , k − 1︸ ︷︷ ︸
lk−1

, . . . , 1, . . . , 1︸ ︷︷ ︸
l1

 ` k, by noticing that li

could be zero and
k∑

j=1
jli = k. In fact, lj denotes the number of j appearing in

the partition (l) ` k.

Sak (N) = 1
k! Yk (0!Sa (N) , 1!S2a (N) , . . . , (k − 1)!Ska (N))
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Bell Polynomial
Ablinger:

S1k (n) =
n∑

j=1

(−1)j−1 (n
j
) 1

jk =
1
k!

Yk (. . . , (j − 1)!Sj (n) , . . .) .

Dilcher:
n∑

j=1

(−1)j−1 (n
j
) 1

jk =
∑

n≥j1≥···≥jk≥1

1
j1 · · · jk

Kirschenhofer:
N∑

k=0
k 6=K

(N
k
)

(−1)k 1
(k − K)m =

(N
K
)

(−1)K+1 1
m!

Ym

(
. . . , (i − 1)!

(
H(i)

N−K + (−1)i H(i)
K

)
, . . .

)
,

H(i)
r =

r∑
j=1

1
j i .
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Aim 1
Use

Sak (N) = 1
k! Yk (0!Sa (N) , 1!S2a (N) , . . . , (k − 1)!Ska (N))

to generalize
n∑
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(−1)j−1
(

n
j

)
1
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∑
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1
j1 · · · jk

and
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k
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K
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Partial Fractional Decomposition (PFD)
Thank to Jacob:
Zeng:

N∏
l=1

1
1− alz

=
N∑

l=1

 1
1− alz

N∏
j=1
j 6=l

1
1− aj

al

 ,

and compares coefficients of zk of both sides to obtain

∑
N≥i1≥···≥ik≥1

ai1 · · · aik =
N∑

l=1

 N∏
j=1
j 6=l

1
1− aj

al

 ak
l .

Now, letting al 7→ 1
al
, and an := na

Sak (N) =
∑

N≥i1≥···≥ik≥1

1
(i1 · · · ik )a =

N∑
l=1

 N∏
j=1
j 6=l

ja

ja − la

 1
lak .
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PDF
Special case a = 1(Dilcher’s case)

N∏
j=1
j 6=l

j
j − l

= (−1)l−1 (N
l
)
.

Proof is straightforward.

N∏
j=1
j 6=l

j
j − l

=

 N∏
j=1
j 6=l

j
j − l

 · l
l
.

Question:
N∏

j=1
j 6=l

ja

ja − la
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Special case a = m ∈ N
Use

jm − lm = (j − l) (j − ξml) · · ·
(

j − ξm−1
m l

)
to get

N∏
j=1
j 6=l

jm

jm − lm
= (−1)m−1

m−1∏
i=0

N!(
1− ξi

m l
)
· · ·
(

(l − 1)− ξi
m l
)
ξi

m l
(

(l + 1)− ξi
m l
)
· · ·
(

N − ξi
m l
) .

1 Case 1: ξi
m = 1, it is the same as Dilcher’s.

2 Case 2: ξi
m 6= 1,

N∏
j=1
j 6=l

jm

jm − lm = (−1)m−1
m−1∏
i=0

Γ (N + 1)
Γ (N − ξi

ml + 1) Γ (1 + ξi
ml)︸ ︷︷ ︸

( N
ξi

ml)

·
π
(
1− ξi

m
)

l
sin (πξi

ml)︸ ︷︷ ︸
→1 as ξi

m→1
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Theorem[Generalization of Dilcher]
If we define(

N
l

)
(m,i)

:=

(−1)l−1 (N
l
)
, if ξi

m = 1;
N!

(1−ξi
ml)N
· 1−ξ

i
m

ξi
m
, if ξi

m 6= 1.

Then, for m, k, N ∈ N

Smk (N) =
∑

N≥i1≥···≥ik≥1

1
(i1 · · · ik)m =

N∑
l=1

(
N
l

)
(m,i)

1
lmk .
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Kirschenhofer uses

N∏
j=0
j 6=K

1
1− t

j−K
− 1 =

∞∑
m=1

tm

m! Ym

. . . , (i − 1)!

 N∑
j=0
j 6=K

1
(j − K)i

 , . . .

 .

Apparently, it remains hold if letting K = 0, t 7→ ta, and j 7→ na, namely
N∏

n=1

1

1− ta
na

=

∞∑
m=1

tam

m!
Ym

(
. . . , (i − 1)!

N∑
n=1

1
nai , . . .

)
=

∞∑
k=1

tak

k!
Yk (. . . , (i − 1)!Sai (N) , . . .) .

Comparing coefficients of t and use PFD leads to:

Theorem[Generalization of Kirschenhofer]

N∑
l=1

 N∏
j=1
j 6=l

ja

ja − la

 1
lak =

1
k!

Yk (. . . , (i − 1)!Sai (N) , . . .) .
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− 1 =

∞∑
m=1

tm

m! Ym

. . . , (i − 1)!

 N∑
j=0
j 6=K

1
(j − K)i

 , . . .

 .

Apparently, it remains hold if letting K = 0, t 7→ ta, and j 7→ na, namely
N∏

n=1

1

1− ta
na

=

∞∑
m=1

tam

m!
Ym

(
. . . , (i − 1)!

N∑
n=1

1
nai , . . .

)
=

∞∑
k=1

tak

k!
Yk (. . . , (i − 1)!Sai (N) , . . .) .

Comparing coefficients of t and use PFD leads to:

Theorem[Generalization of Kirschenhofer]

N∑
l=1

 N∏
j=1
j 6=l

ja

ja − la

 1
lak =

1
k!

Yk (. . . , (i − 1)!Sai (N) , . . .) .
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Beta function
Blümleim, Klein, Schneider and Stan:

B (N, 1− t) =
1
N

∞∑
k=0

tk S1k (N) .

Note from Blümleim

B (N, 1− t) =

∫ 1

0

λ
−t (1− λ)N−1 dλ =

∞∑
k=0

(−t)k

k!

∫ 1

0

logk
λ (1− λ)N−1 dλ,

and ∫ 1

0

logk
λ (1− λ)N−1 dλ =

(−1)k k!
n

S1k (N) .

1
N

∞∑
k=0

tk S1k (N) = B (N, 1− t) =
Γ (N)

(1− t) · · · (N − t)
.
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Beta Function

Schneider:
∞∏

n=1

1
(1− f (n) qn) =

∑
λ∈P

q|λ|
∏
λi`λ

f (λi ) .

∏
n∈X⊆N

1
(1− f (n) qn) =

∑
λ∈PX

q|λ|
∏
λi`λ

f (λi ) , if f (n) = 0 when n 6∈ X .

X = [N] = {1, . . . ,N}

f (n) = ta

na

}
⇒

N∏
n=1

1
1− ta

na
= (N!)a

(1a − ta) · · · (Na − ta) =
∞∑

k=0

Sak (N) tak .

Compare:

N!
(1− t) · · · (N − t) = NB (N, 1− t) =

∞∑
k=0

tkS1k (N)
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Integral Representation
Consider the case a = 2

B (1 + t, 1− t) = Γ (1 + t) Γ (1− t) =
∞∑

k=0

S2k (∞) t2k .

By integral representation

B (1 + t, 1− t) =
∫ 1

0
λ−t (1− λ)t dt =

∞∑
k=0

tk

k!

∫ 1

0
logk

(1− λ
λ

)
dλ.

Therefore,

S2k (∞) = 1
(2k)!

∫ 1

0
log2k

(1− λ
λ

)
dλ.

In particular

ζ (2) = π2

6 = S2 (∞) = 1
2

∫ 1

0
log2

(1− λ
λ

)
dλ
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Integral Representation

Consider the multiple beta function, defined by

B (α1, . . . , αn) := Γ (α1) · · · Γ (αn)
Γ (α1 + · · ·+ αn) ,

which admits an integral representation, due to the Dirichlet distribution

B (α1, . . . , αn) =

∫
Ωn

n∏
i=1

xαi−1
i dx, Ωn :=

{
(x1, . . . , xK ) ∈ Rn

+ : x1 + · · · + xn−1 < 1 and x1 + · · · + xn = 1
}
.

Namely,

B (α1, . . . , αn) =

∫ 1

0

xα1−1
1 · · ·

∫ 1−x1−···−xn−2

0

x
αn−1−1
n−1

(
1− x1 − · · · − xn−1

)αn−1
dxn−1 · · · dx1.
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Use

B
(
1− ξ0mt, 1− ξ1mt, . . . , 1− ξm−1

m t
)

=

m−1∏
j=0

Γ
(
1− ξj

mt
)

(m − 1)! = 1
(m − 1)!

∞∑
k=0

Smk (∞) tmk

to obtain

Smk (∞) =
(−1)mk

(m − 1)! (mk)!

∫ 1

0

· · ·

∫ 1−x1−···−xk−2

0

logmk
(

xξ0m
1 xξ1m

2 · · · xξ
m−2
m

m−1

(
1− x1 − · · · − xm−1

)ξ
m−1
m
)

dxm−1 · · · dx1,

and in particular

ζ (m) =
(−1)m

(m − 1)!m!

∫ 1

0

· · ·

∫ 1−x1−···−xm−2

0

logm
(

xξ0m
1 · · · xξ

m−2
m

m−1

(
1− x1 − · · · − xm−1

)ξ
m−1
m
)

dxm−1 · · · dx1
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Extra:Quasi-Shuffle

aw1 ∗ bw2 = a (w1 ∗ bw2) + b (aw1 ∗ w2) + [a, b] (w1 ∗ w2)

∑
per{a1,...,am}

a1 · · · am =
∑
π`m

(−1)Cπ Cπ
∑

inv per{a1,...,am}
π (a1 · · · am) ,

where

Cπ =
m∏

j=1
(Γ (j))πj for π =

1, . . . , 1︸ ︷︷ ︸
π1

, . . . ,m, . . . ,m︸ ︷︷ ︸
πm

 ` m
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I need your suggestions!

Thank You!
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